In this paper, we study the solution of nonlinear equation ⊗ k
Introduction
The operator ♦ k has been first by A. Kananthai (1997) and is named as the Diamond operator iterated k times and is defined by
p + q = n, n is the dimension of the space R n , for x = (x 1 , x 2 , . . . , x n ) ∈ R n and k is a nonnegative integer. The operator ♦ 
and 2 k is the ultra-hyperbolic operator iterated k times defined by 
Next, W. Satsanit has been first introduced ⊗ k operator and ⊗ k is defined by
where ♦, and 2 are defined by (1), (2) and (3) with k = 1 respectively.
Consider the nonlinear equation
where ⊗ k is the operator iterated k times is defined (4), and L k is the operator iterated k times is defined by
www.ccsenet.org/jmr and 2 k−1 is the ultra-hyperbolic operator iterated k − 1 times defined by (3). Let f defined and have continuous first derivatives for all x ∈ Ω ∪ ∂Ω, where Ω is an open subset of R n and ∂Ω denotes the boundary of Ω and f be a bounded function, that is
with the boundary condition
Then, we obtain
as a solution of (5) with the boundary condition
for x ∈ ∂Ω, m = n−4 2 , n ≥ 4 and n is even dimension for k = 2, 3, 4, 5, ..... and W(x) is a continuous function for x ∈ Ω∪∂Ω. The function R H 2(k−2) (x) defined by (15) with α = 2(k − 2) and , R e 4k (x) is given by (20) with γ = 4k. The purpose o this work to extend the ♦ k operator defined by (1) to be
Where c 1 is positive constant and k is a non-negative integer Now, we study the nonlinear equation of the form
with f defined and having continuous first derivative for all x ∈ Ω ∪ ∂Ω where Ω is an open subset of R n and ∂Ω denoted the boundary of Ω , f is bounded on Ω that is | f | ≤ N, N is constant ,♦ We can find the solution u(x) of (12) which unique under the boundary condition 2 (18) and (19) with α = β = 2 respectively. Before going that points , the following definitions and some concepts are needed.
Preliminaries
Definition 2.1 Let x = (x 1 , x 2 , ..., x n ) be a point of the n-dimensional Euclidean space R n . Denoted by
where p + q = n. The interior of forward cone defined by
and
where the constant K n (α), K n (β) is given by the formula
.
(17)
is called the ultra-hyperbolic kernel of Marcel Riesz and was introduced by Y. Nozaki (1964, p.72) . It is well known that R H α (u) and S H β (w) is an ordinary function if Re(α) ≥ n and Re(β) ≥ n and is a distribution if Re(α) < n and Re(β) < n. By putting p = 1 in (13), (14) and (17) using the Legendre's duplication of
then (15) and (16) reduce to
respectively, where
where
γ is a complex parameter and n is the dimension of R n .
Definition 2.3 Let c 1 be positive number, p + q = n and k is a nonnegative integer. The ultra-hyperbolic operators iterated k times 2 k and 2
The Laplacian operators iterated k times k and
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and 2
Where 2 k and 2 k c 1 defined by (3) and (13) respectively, x ∈ R n and δ is the Dirac-delta distribution. Then we obtain
are an elementary solution of (15) and (16) (15) and (16) with α = β = 2k.
Proof. (S.E. Trione, 1987, p.11) .
Where k and k c 1 defined by (2) and (24) respectively, x ∈ R n and δ is the Dirac-delta distribution. Then we obtain
are an elementary solution of (17) and (18) (19) and (20) with γ = ρ = 2k
Proof. (W.F. Donoghue, 1969, p.118) .
Lemma 3 Let S α (x)and R β (x) be the function defined by (13) and (14) respectively. Then
where α and β are a positive even number. Manuel A., 2008, pp.171-190) .
Proof. (Aguirre

Lemma 4
The function R −2k (x) and (−1) k S −2k (x) are the inverse in the convolution algebra of R 2k (x) and (−1)
Proof. (S.E. Trione, 1987, p.123) , (W.F. Donoghue, 1969, p.118, p.158) , and (A. Kananthai, 2000, p.10).
Lemma 5 Given P is a hyper-function then
is the Dirac-delta distribution with k derivatives.
Proof. (I.M. Gelfand, 1964, p.233) .
Lemma 6 Given the equation
Where 2 k is defined by (3) and x = (x 1 , x 2 , . . . ,
is a solution of (29) 
Where 2 is defined by (3) with k = 1 and
By Lemma 1 with P = r 2 − s 2 . Similarly,
is a solution of (29) with m = n−4 2 , n ≥ 4 and n is even dimension. We write
From the above proof we have 2
2 , n ≥ 4 and n is even dimension. Convolving the above equation by R H 2(k−1) (x), we obtain
is a solution of (29) Proof. The proof of Lemma 7 is similar to the proof of Lemma 6.
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and 2 is defined by (2) and (3) with k = 1 respectively. Then we obtain G(x) is an elementary solution of (32) where
Proof. From (32), we have
or we can write 3
Convolving both sides of the above equation by
By properties of convolution, we obtain
By Lemma 1 and Lemma 2, we obtain
keeping on convolving both sides of the above equation by R H 4 (x) * (−1) 2 R e 4 (x) up to k − 1 times, we obtain
the symbol * k denotes the convolution of itself k−times. By properties of R α (x), we have
is an elementary solution of (32) where R H 4k (x) and R e 4k (x) are deined by (15), (20) with α = γ = 4k respectively.
Lemma 9 Given the equation
where f is defined and has continuous first deivatives for all x ∈ Ω∪∂Ω, Ω is an open subset of R n and ∂Ω is the boundary of Ω. Assume that f is bounded, that is | f (x, u)| ≤ N and the boundary condition u(x) = 0 for x ∈ ∂Ω. Then we obtain u(x) as a unique solution of (35).
Since u(x) has continuous derivative up to order 6k for k = 1, 2, 3, . . .
u(x) exists as the generalized function. Thus we can assume
Then (41) can be written in the form
and by (38),
We obtain a unique solution of (43) 
Convolving the above equation by
By the properties of convolution, we obtain
as a solution of (36).
Next, consider the condition (45). From
By Lemma 6, we have
Where m = n−4 2 , n ≥ 4 and n is even dimension. Convolving both sides of (50) 
as a solution of (36) for k = 1.
Convolving both sides of (53) 
